Lecture 11
Scattered Field Formulation

Aim of the Lecture: The aim of this lecture is to introduce students to the theoretical foundations and practical implementations of the scattered field formulation in computational electromagnetics. The lecture seeks to explain how incident and scattered fields are defined, why their separation is essential for analyzing wave–object interactions, and how this decomposition is used in both analytical scattering theory and numerical simulation methods. By exploring the mathematical principles, boundary conditions, numerical schemes, and common applications of the scattered field approach, the lecture provides students with a complete framework for studying electromagnetic scattering in radar, antenna engineering, optics, and remote sensing.

Objectives
By the end of this lecture, students will be able to clearly distinguish between incident, scattered, and total electromagnetic fields and explain the physical meaning of each. They will understand how the superposition principle allows Maxwell’s equations to be applied separately to incident and scattered fields. Students will be able to describe the boundary conditions that govern field interactions at the surface of a scatterer, and understand how these conditions lead to integral equations or partial differential equations governing the scattered field. They will learn how scattered fields are computed using major numerical techniques including the FDTD total-field/scattered-field (TF/SF) formulation, the Method of Moments (MoM), and analytical solutions such as Rayleigh and Mie scattering. Students will understand how induced surface or volume currents act as sources of scattered radiation and how these currents determine radar cross-section, bistatic patterns, or scattered power. Furthermore, they will be able to identify practical applications of scattered field analysis in radar, antenna placement, optical scattering, remote sensing, and EMC. Students will also recognize the limitations and challenges of scattered field computation, including numerical stability, absorbing boundary conditions, interface injection in FDTD, and the need for accurate material modeling.

Key Terms: Incident field refers to the electromagnetic field that illuminates a scatterer in the absence of the object. Scattered field is the secondary field radiated due to the object’s response. Total field is the superposition of incident and scattered components. Superposition principle states that the total solution of Maxwell’s equations can be expressed as the sum of individual solutions. Boundary conditions ensure continuity of tangential electric and magnetic fields or the vanishing of fields on conducting surfaces. Total-field/scattered-field (TF/SF) boundary is an interface used in FDTD to inject the incident wave while isolating the scattered field region. Electric Field Integral Equation (EFIE) and Magnetic Field Integral Equation (MFIE) describe scattering from conducting objects in MoM formulations. Induced currents are surface or volume currents generated by the incident field and responsible for radiating the scattered field. Radar cross-section (RCS) quantifies how strongly an object scatters electromagnetic waves back toward a radar system. Rayleigh scattering describes scattering by particles much smaller than the wavelength; Mie scattering provides an exact solution for spherical scatterers. Radiation condition ensures that scattered fields propagate outward and not inward from infinity.
Main Content
Introduction to Scattered Field Formulation
The scattered field formulation is a fundamental framework in computational electromagnetics used to describe how electromagnetic waves interact with objects and inhomogeneities in space. When an electromagnetic wave encounters an obstacle—whether it is a perfectly conducting body, a dielectric object, a rough surface, or a complex composite structure—it induces secondary fields that propagate away from the object. These are called scattered fields, and they carry information about the size, shape, material properties, and orientation of the scatterer.
In many applications—such as radar cross-section (RCS) prediction, remote sensing, antenna placement near structures, and optical scattering from particles—it is not sufficient to know only the total electromagnetic field. Instead, one must carefully distinguish between the incident field (the field that would exist in the absence of the object) and the scattered field (the additional field caused by the presence of the object). The scattered field formulation formalizes this decomposition and provides a systematic way to compute the scattered component using Maxwell’s equations and appropriate boundary conditions.
This approach is particularly powerful in numerical methods like FDTD, FEM, and MoM, where introducing the incident field explicitly and solving for the scattered part leads to better numerical stability, clearer physical interpretation, and easier extraction of scattering parameters (such as RCS, bistatic patterns, or scattered power).

Understanding Incident and Scattered Fields
At the heart of the scattered field formulation is the decomposition of the total electromagnetic field into two distinct parts: the incident field and the scattered field.
The incident field is the field that would exist if the scatterer were not present. It is typically a known, analytically describable solution of Maxwell’s equations, such as a plane wave, a Gaussian beam, a spherical wave from a point source, or the field radiated by an isolated antenna in free space. The incident field satisfies Maxwell’s equations in the background medium and is independent of the object’s presence.
The scattered field is the field generated due to the interaction of the incident wave with the object. When the incident field illuminates the scatterer, it induces surface or volume currents and polarization within the material. These sources in turn radiate secondary fields, which propagate away from the object into the surrounding medium. These fields represent the “disturbance” caused by the object and are what radar systems, remote sensing instruments, and scattering experiments actually measure.
The total field is defined as the sum of these two components:

Etotal​=Einc​+Escat​,Htotal​=Hinc​+Hscat​.

By explicitly separating the fields this way, one can focus computational effort on determining only the scattered part, which is often the quantity of interest. Furthermore, this separation avoids confusion between known excitation fields and unknown response fields in the numerical formulation.

Principles of Scattered Field Formulation
The scattered field formulation is grounded in two fundamental ideas: the superposition principle and the enforcement of boundary conditions on the surface or within the volume of the scatterer.
The superposition principle arises from the linearity of Maxwell’s equations in linear media. Because the governing equations are linear, any sum of solutions is also a solution. Thus, the total field can be written as the sum of a known incident field and an unknown scattered field. Maxwell’s equations can then be applied separately to each component, with the scattered field driven by the presence of the object.
In free space or a homogeneous background medium, the incident field satisfies the source-free Maxwell’s equations (except at its source), while the scattered field satisfies Maxwell’s equations with effective sources corresponding to the induced currents and charges on or within the scatterer. The total field must satisfy physical boundary conditions, such as the continuity of tangential electric and magnetic fields across material interfaces, and the requirement that fields vanish inside a perfect conductor (for tangential electric field).
At the surface of the scatterer, these boundary conditions couple the incident and scattered fields. For example, if the object is a perfect electric conductor (PEC), the tangential component of the total electric field on the surface must be zero:

Etotal,tan​=Einc,tan​+Escat,tan​=0.

This yields a condition for the scattered field:

Escat,tan​=−Einc,tan​,

which can be used to derive integral or differential equations for the induced surface currents that generate the scattered field.
For dielectric or lossy objects, boundary conditions enforce continuity of tangential fields and normal flux components, resulting in systems of equations that determine both internal and external fields. In all cases, the scattered field must also satisfy an outward radiation condition, ensuring that it represents waves traveling away from the object rather than incoming energy from infinity.
This framework systematically transforms a scattering problem into one of solving for the scattered field under known excitation (incident field) and boundary conditions.

Techniques for Scattered Field Computation
Several computational techniques implement the scattered field formulation in practical simulations, each with its own strengths and areas of application.
The Finite-Difference Time-Domain (FDTD) method often uses a total-field / scattered-field (TF/SF) formulation. In this approach, the computational domain is divided into a region where the total field is present and a surrounding region where only the scattered field is computed. The incident field is injected into the total-field region by adding appropriate source terms at the TF/SF boundary. Inside this region, the total field evolves according to the standard FDTD update equations; outside, the fields represent only the scattered component. This configuration allows one to absorb scattered waves at outer boundaries (using PML) while maintaining a clean separation from the incident wave. It is especially useful for plane-wave illumination of objects in open space.
The Method of Moments (MoM) implements the scattered field formulation primarily through integral equations. For a PEC object, the Electric Field Integral Equation (EFIE) or Magnetic Field Integral Equation (MFIE) can be derived by enforcing boundary conditions on the total field. The incident field appears explicitly as a forcing term in these integral equations, while the unknowns are induced surface or line currents. Once these currents are solved numerically, the scattered field can be computed anywhere in space via radiation integrals. This approach is widely used in radar cross-section computations and antenna scattering analysis.
For certain canonical shapes and size regimes, analytical scattering solutions are available. Rayleigh scattering theory handles small particles where the scatterer is electrically small compared to the wavelength, leading to simple power-law relationships. Mie theory provides exact series solutions for scattering by homogeneous spheres, widely used in atmospheric optics, biomedical optics, and particulate scattering studies. Although these solutions are not numerical in nature, they embody the same incident–scattered decomposition and serve as benchmarks for more general computational methods.
Hybrid methods and other formulations (e.g., FEM, FEM–MoM hybrids, volume integral equations) also use the incident–scattered field concept, particularly when coupling open-region scattering with complex internal structures. In all cases, the scattered field formulation provides a unifying conceptual and mathematical framework.

Applications of Scattered Field Formulation
The scattered field formulation is central to many high-frequency and wave-based engineering disciplines.
In radar systems, scattered fields from targets are the primary observables. Radar cross-section (RCS) analysis quantifies how much power is scattered back toward the radar by a given target. The scattered field formulation enables accurate prediction of monostatic and bistatic scattering patterns, helping in the design of stealth platforms, target identification algorithms, and radar signatures of complex vehicles or structures.
In antenna design and placement, scattered field analysis reveals how nearby objects—masts, housings, supporting structures, platforms, or even human bodies—alter the radiation pattern of an antenna. The total field around the antenna includes contributions from both the direct radiation and the fields scattered by the environment. By computing the scattered field, engineers can diagnose pattern distortions, impedance detuning, shadowing, and coupling effects, leading to better antenna integration and performance.
In optics and remote sensing, the scattered field formulation is crucial for modeling how light interacts with particles, droplets, aerosols, and surfaces. For example, atmospheric remote sensing relies on understanding how sunlight is scattered by aerosols and clouds to infer their properties. Ocean optics similarly depends on modeling scattering from suspended particles. In biomedical optics, scattered light from cells or tissue structures provides diagnostic information. Analytical and numerical scattering models all rely on the incident–scattered field decomposition to interpret measured signals.
In electromagnetic compatibility (EMC) and interference analysis, scattered fields from cables, enclosures, and structural elements determine how systems radiate or pick up unwanted signals. By treating external signals as incident fields and structures as scatterers, one can predict how much interference will be radiated into or received from the environment.
Overall, the scattered field formulation not only supports accurate prediction of wave behavior but also provides physical insight into how objects modify incident radiation.

Conclusion
The scattered field formulation provides a powerful and conceptually clear framework for analyzing electromagnetic wave interactions with objects and complex environments. By decomposing the total field into incident and scattered components, it allows engineers and scientists to isolate the effect of the scatterer from the excitation and to formulate boundary-value problems in a systematic way.
Whether implemented in time-domain schemes like FDTD, in frequency-domain integral-equation methods such as MoM, or in analytical theories for simple shapes, the scattered field formulation underpins much of modern scattering analysis. It enables accurate prediction of radar signatures, antenna-environment interactions, optical scattering phenomena, and EMC behavior across a wide range of frequencies and applications.
As numerical methods continue to develop and as applications expand into higher frequencies, smaller scales, and more complex materials, the scattered field formulation will remain a central tool in computational electromagnetics, providing both the mathematical structure and the physical intuition needed to understand and control wave scattering in advanced engineering systems.

Control Questions:
1. What is the fundamental difference between the incident field, scattered field, and total field, and why is their separation important in electromagnetic analysis?
2. How does the superposition principle allow Maxwell’s equations to be applied independently to the incident and scattered fields?
3. What physical mechanisms cause the scattered field to arise when an incident wave interacts with an object?
4. How do boundary conditions at the surface of a scatterer determine the relationship between the incident and scattered fields?
5. [bookmark: _GoBack]What is the role of induced surface or volume currents in generating the scattered electromagnetic field?
